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We present a comprehensive study of magnetoconductivity for general three-dimensional non-
magnetic metals within the Berry-curvature-corrected semiclassical and Boltzmann framework. We
find a new contribution, which is intrinsic in the sense that its ratio to the zero-magnetic-field con-
ductivity is fully determined by the intrinsic band properties, independent of the transport relaxation
time, showing a clear violation of Kohler’s rule. Remarkably, this contribution can generally be pos-
itive for the longitudinal configuration, providing a new mechanism for the appearance of positive
magnetoconductivity under longitudinal configuration besides the chiral anomaly effect.
PACS numbers: 72.15.-v, 72.10.Bg, 72.15.Gd
Magnetoconductivity, the field-dependent part of the
diagonal component in the conductivity tensor: δσ(B) ≡
σ(B)− σ0, where σ0 is the conductivity under zero mag-
netic field, has long been a focus in solid-state physics,
due to the fascinating complexity in its behavior and the
rich information it could offer about the underlying elec-
tronic dynamics [1, 2]. Depending on the relative orien-
tation between the current flow and the magnetic field,
the magnetoconductivity can be differentiated as trans-
verse or longitudinal. While the magnetoconductivity
under transverse configuration (E ⊥ B) can be natu-
rally expected from the Lorentz force, the appearance
of the magnetoconductivity under parallel configuration
(E ‖ B) is a bit surprising because at first look one ex-
pects that the electron’s motion along the B-field should
not be affected. Indeed, in the simple Drude-Sommerfeld
model for metals [1], the magnetoconductivity under par-
allel configuration vanishes identically.
In the semiclassical regime with small B-field, one pos-
sible mechanism for the magnetoconductivity under par-
allel configuration was identified in Ref. 3, arising due to
certain special Fermi surface anisotropy. Recently, the
interest in magnetotransport was further fueled by the
discovery of topological semimetals [4–7]. Particularly,
using semiclassical approach, it was predicted that the
chiral anomaly effect [8] associated with the topological
band-crossing points can lead to a large positive mag-
netoconductivity under parallel configuration [9]. This
effect generates great interest in the magneto-transport
studies [10–17]. Experimentally, such positive signal
was indeed observed in a number of doped topological
semimetal candidates, and has been interpreted as com-
pelling evidence for their topological band structures [18–
24].
For non-magnetic metals, due to the constraint of
time reversal symmetry and Onsager’s relation, δσ(B) =
δσ(−B), the leading order magnetoconductivity is of
B2, hence its theoretical formulation necessarily requires
semiclassical equations of motion that are accurate to sec-
ond order. However, previous theories (including Refs. 3
and 9) are based on the semiclassical equations of only
first-order accuracy, hence the obtained results are not
complete. One naturally wonders: is there any important
contribution missing from the picture? Meanwhile, pecu-
liar positive magnetoconductivity under parallel configu-
ration appears in recent experiments on several metallic
materials [25–27]. These materials are not topological
semimetals, and the possibility of anisotropic Fermi sur-
face contribution is also ruled out in experiment, clearly
pointing to the existence of new contributions missing in
the previous theory.
Here, based on the recently developed semiclassical
theory with second-order accuracy [28, 29], we formu-
late a theory of magnetoconductivities under transverse
and parallel configurations of non-magnetic metals in the
semiclassical regime. We find that besides the previously
obtained contributions, there is a new contribution to
the magnetoconductivity that is linear in the transport
relaxation time. We name it the intrinsic magnetocon-
ductivity because its ratio to σ0 is independent of scatter-
ing, only consisting of intrinsic band quantities including
the Berry curvature, orbital magnetic moment and so on.
This intrinsic magnetoconductivity is generally nonzero
regardless of the Fermi surface geometry, and it offers a
new mechanism for the violation of Kohler’s rule. Impor-
tantly, in systems without topological band-crossings and
strong surface Fermi anisotropy, this contribution domi-
nates the magnetoconductivity under parallel configura-
tion, and furthermore, its sign could be positive, offering
a new mechanism for positive magnetoconductivity un-
der parallel configuration besides the chiral anomaly.
In the semiclassical theory, the Bloch electron dynam-
ics is described by tracing the electron wave-packet cen-
ter (rc,kc) in the phase space [30]. Assuming the simple
case where the Fermi level insects with a single band, the
electric current can be expressed as
j = −
∫
d3k
(2pi)3
Dr˙f , (1)
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2where D is a correction factor for the density of
states [31], and f is the distribution function. Here and
hereafter, we set e = ~ = 1 and drop the subscript c for
the wave-packet coordinates.
We consider the semiclassical regime with small exter-
nal fields, such that ωcτ  1 where ωc is the cyclotron
frequency and τ is the transport relaxation time. As we
mentioned, for non-magnetic metals, the leading order
contribution in the magnetoconductivity δσ(B) is of B2.
This means that we have to keep the third-order terms
in the current (Eq. (1)) that are ∝ EB2, where E is the
electric field strength. To this end, as we will show in a
while, the following second-order semiclassical equations
of motion are sufficient [28]:
r˙ = ∂kε˜− k˙ × Ω˜ , (2)
k˙ = −E − r˙ ×B . (3)
Here ε˜ is the band energy including field-corrections up
to second order [29], Ω˜ is the modified Berry curva-
ture including first-order field corrections. Due to the
non-canonical structure of the equations of motion, the
correction factor D in Eq. (1) takes the form D =
1 +B · Ω˜ [28].
The remaining factor in in Eq.(1), i.e. the distribu-
tion function f , is typically solved from the Boltzmann
equation. For a homogeneous system at steady state, it
reads
k˙ · ∂f
∂k
=
df
dt
∣∣∣∣
collison
. (4)
Here k˙ can be substituted from the Eq. (3), and the col-
lision integral on the right hand side describes the relax-
ation due to the various scattering processes in the sys-
tem. To proceed analytically, we take the relaxation time
approximation such that the right hand side of Eq.(4)
becomes −(f − f0)/τ , where f0 is the equilibrium Fermi
distribution and relaxation process is characterized by a
single transport relaxation time τ . Note that in Eq.(4),
the argument of the equilibrium distribution function f0
must be the band energy including the magnetic field
corrections, such that it guarantees a vanishing current
at E = 0. Then the solution of the Boltzmann equation
can be obtained as
f =
∞∑
m=0
(−τ k˙ · ∂k)mf0(ε˜) . (5)
Eqs. (2), (3), and (5) offer all the necessary and suffi-
cient ingredients in evaluating the current in Eq. (1) to
third order in external fields. To see this, one notes that
since the equilibrium distribution f0 does not contribute
to the current, the factor f in Eq. (1) is at least of first
order (k˙ in Eq. (5) is at least of first order according to
Eq. (3)). Hence each of the other two factors D and r˙ in
Eq. (1) only needs to be accurate to second order. And
this is why it is sufficient to have the Berry curvature Ω˜
in both D and r˙ to be corrected to first order and ε˜ in r˙
and f0 to be corrected up to second order.
Straightforward substitution and calculation yields the
following contributions to the current up to third or-
der [32]:
j(a) = −τ3
∫
d3k
(2pi)3
v0(v0 ×B · ∂k)2(E · ∂k)f0(ε0)− τ
∫
d3k
(2pi)3
[v˜ + (v˜ · Ω˜)B][E + (E × Ω˜)×B] · ∂kf0(ε˜) . (6)
Here we group the various terms into two compact terms
according to their τ dependence, ε0 is the unperturbed
band energy, v0 = ∂kε0 and v˜ = ∂kε˜ are the band ve-
locities for the unperturbed and perturbed band disper-
sions, respectively. Both terms here are Fermi surface
contributions, i.e. carrying the derivative of the Fermi
distribution function. We observe that the first term in
Eq. (6) just recovers the contribution from Fermi surface
anisotropy identified in Ref. 3, while the second term is
new.
In addition, at second order, external fields induce a
shift δµ in the chemical potential (the linear-order cor-
rection vanishes as in usual first order transport theory),
which could lead to additional contribution to the cur-
rent. Since δσxx ∼ B2, there are only two possible field-
dependence in δµ that could contribute, δµ ∼ EB or ∼
B2. The first possibility happens only with special band-
crossings, i.e., in the chiral anomaly effect for doped Weyl
semimetals [9]. In that case, the parallel E and B fields
pumps charges between a pair of Weyl points, shifting
the chemical potential around each Weyl point in oppo-
site ways. The current contributed from each Weyl point
can be expressed as: jCA =
∫
d3k
(2pi)3B(v0 · Ω0)δµf ′0 [9].
Here Ω0 is the usual (unperturbed) Berry curvature, and
δµ ∝ τvχE ·B where χ is the chirality of the Weyl point
and τv is the intervalley scattering time that sustains the
electron population imbalance between the pair of Weyl
points.
The other possible contribution from δµ ∼ B2 is more
general, regardless of the band topology. It yields the
3following current that contributes to the magnetoconduc-
tivity:
j(b) = τδµ
∫
d3k
(2pi)3
v0(v0 ·E)f ′′0 . (7)
The shift δµ can be fixed from the particle number con-
servation. For example, when the conduction band is
separated from the valence band, the electron number n
in the conduction band should be conserved. Under B-
field, the shift δµ compensates the field correction of the
band dispersion to ensure that n =
∫
d3k
(2pi)3Df0(ε˜−µ−δµ)
is a constant, from which we can solve out δµ. Note that
without E-field dependence, this shift δµ is an equilib-
rium property and is the same across the Brillouin zone.
This completes our general analysis for all possible con-
tributions to the magnetoconductivity. Since we did not
specify the directions of the fields, the result holds for
magnetoconductivities under both the longitudinal and
transverse configurations.
For conventional metals (without chiral anomaly), the
current up to third order is given by j = j(a) + j(b).
One observes that the current at third order only has
τ -dependence as ∼ τ or ∼ τ3. This is because that τ
is coupled with k˙ in Eq. (5), its power cannot exceed
τ3. Meanwhile, the term proportional to τ2 is given by
−τ2 ∫ d3k(2pi)3 [v˜+(v0 ·Ω0)B](v0×B ·∂k)(E ·∂k)f(ε˜), which
is odd under time-reversal operation hence vanishes iden-
tically.
As we have mentioned, the first term in j(a) recov-
ers the result obtained in Ref. 3. It can be shown that
its contribution is always negative for magnetoconductiv-
ity under transverse condiguration. And for longitudinal
configuration, its contribution is nonzero only when the
Fermi surface has special anisotropy [3].
Besides recovering the previously known contributions,
most importantly, we discover new contributions, includ-
ing j(b) and the second term in j(a). These terms only
appear when using a complete second order semiclassi-
cal theory, hence they are missing in the previous works.
Due to their common τ -linear dependence, we combine
the two terms together, and name their resulting contri-
bution to δσ as the intrinsic magnetoconductivity (δσint),
because the ratio δσint/σ0 is independent of τ , consisting
entirely of intrinsic band quantities (apart from the B2
factor).
Our result has important implications on Kohler’s
rule [2]. Kohler’s rule states that the ratio δσ/σ0 de-
pends on the B-field through the quantity ωcτ . Since
σ0 ∝ τ , samples with different relaxation times can be
related by plotting the ratios against a rescaled field
Bσ0: δσ/σ0 = F (Bσ0). Kohler’s rule can be derived
in the first-order semiclassical theory by assuming a sin-
gle species of charge carriers and a single relaxation time.
Any deviation from Kohler’s rule is usually interpreted as
from factors beyond the semiclassical description or from
the presence of multiple types of carriers or multiple scat-
tering times [33]. Here, we see that first term in j(a), the
previously obtained contribution from first-order semi-
classical theory, indeed obeys Kohler’s rule. Denoting its
contribution to the magnetoconductivity as the extrin-
sic one δσext, we have δσext/σ0 ∼ (ωcτ)2. However, the
new intrinsic contribution clearly violates Kohler’s rule
because δσint/σ0 is independent of τ . Instead, we may
regard δσint/σ0 ∼ (ωcτb)2 by replacing τ with another
intrinsic time scale τb = ~/ε, where ε is an intrinsic en-
ergy scale for the band, such as the band gap and the
chemical potential. Because our derivation is still within
the semiclassical framework and under the same condi-
tions on carrier type and relaxation time, it represents a
new mechanism for the violation of Kohler’s rule. Due to
their different τ -dependence, one may expect that δσext
generally dominates over δσint in clean samples where
τ is large, for which Kohler’s rule could hold to a good
extent.
Another important consequence of our result is that
the intrinsic contribution offers a new origin of the pe-
culiar magnetoconductivity under longitudinal configu-
ration. It becomes the dominant term in the magneto-
conductivity under longitudinal configuration for systems
with relatively isotropic Fermi surfaces and without Weyl
band-crossing points. As illustrated in the following ex-
ample, this term can be sizable for bands with nonzero
Berry curvatures and orbital magnetic moments, and
more remarkably, it can in general be positive. There-
fore, our theory provides a new mechanism for positive
magnetoconductivity under longitudinal configuration in
conventional metals.
In the following, we apply our theory to two concrete
examples. In the first example, we consider the low-
energy model of a doped Weyl semimetal. Near the Fermi
energy, Weyl semimetals have isolated Weyl points, each
described by a Weyl Hamiltonian: H = χvFk·σ, where σ
is the vector of Pauli matrices denoting the two crossing
bands, χ = ±1 gives the chirality, and vF is the Fermi ve-
locity. When time reversal symmetry is preserved, there
are at least two pairs of Weyl points in the Brillouin zone.
Consider electron-doped case with µ > 0, and assume
that the magnetic field is along the z-direction. With two
pairs of Weyl points, we find that the intrinsic magneto-
conductivity in the longitudinal and transverse configu-
ration is given by
δσint‖ =
2
15
σ0(ωcτb)
2 , δσint⊥ = −
17
30
σ0(ωcτb)
2 , (8)
for longitudinal and transverse configurations respec-
tively. Here the zero-magnetic-field conductivity σ0 =
2µ2τ/(3pi2vF ), ωc = v
2
FB/µ, and τb = 1/µ is the Fermi
time scale. One observes that the intrinsic magnetocon-
ductivity takes different signs for the two configurations,
and more importantly, the intrinsic magnetoconductivity
under longitudinal configuration can be positive.
4In comparison, the extrinsic contribution as from the
first term in j(a) is given by
δσext‖ = 0 , δσ
ext
⊥ = −σ0(ωcτ)2 . (9)
Here δσext‖ is zero because the Fermi surface is isotropic.
And its contribution to the magnetoconductivity un-
der transverse configuration δσext⊥ is nonzero and follows
Kohler’s rule as expected.
Finally, in Weyl semimetals, there is a positive mag-
netoconductivity under parallel configuration from the
chiral anomaly effect δσCA‖ . It is interesting to consider
the ratio between the intrinsic magnetoconductivity δσint‖
and the chiral anomaly one:
δσint‖
δσCA‖
=
8
45
τ
τv
. (10)
We observe that this ratio only depends on the ratio be-
tween the two relaxation times. Generally, the intervalley
scattering time τv is much larger than τ [13], so in doped
Weyl semimetals, the chiral anomaly contribution is more
important than the intrinsic contribution for the positive
magnetoconductivity under longitudinal configuration.
When magnetoconductivities under transverse and
longitudinal configurations are of different signs, if we
change the mutual orientation between E-field and B-
field from parallel to perpendicular configuration, then
for each B-field strength, there will be a critical angle θc
between the two fields at which the magnetoconductivity
changes sign. Using the result obtained above, we find
that the critical angle for this simple Weyl model is given
by
θc(B) = arccot
34 + 60(ωcτ)
2
8 + 45(τv/τ)
. (11)
The point is that although here the intrinsic contribution
to the magnetoconductivity under longitudinal configu-
ration is relatively small, its contribution to the mag-
netoconductivity under transverse configuration can be
important provided that τb/τ is sizable. Hence the in-
trinsic contribution must be included in calculating the
critical angle.
In the second example, we consider a two-band model
without any band-crossing point. It has two valleys in the
Brillouin zone connected by the time reversal symmetry
Hχ = χvF kxσx + vF kyσy +
(
∆ +
k2z
2m∗
)
σz. (12)
Here χ = ±1 labels the two valleys, vF , ∆, and m∗
(assumed to be positive) are model parameters, and the
pseudospin σi here denotes the two-band degree of free-
dom. The two bands are separated by a gap of 2∆. Such
a continuum model can be derived from a lattice model,
e.g., a model defined on a 3D lattice consisting of 2D hon-
eycomb lattices AA-stacked along the z-direction [32].
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FIG. 1. (a) Intrinsic magnetoconductivities for model (12)
versus the chemical potential. Here σ⊥0 and σ‖0 are zero-
magnetic-field conductivities under transverse and longitudi-
nal configurations respectively. (b) Ratio between magne-
toconductivity δσ and zero-magnetic-field resistivity σ0 ver-
sus the angle θ between E and B fields, as illustrated in the
inset. Here the model parameters are chosen as B = 2T,
∆ = 50meV, vF = 9.2× 105m/s, and m∗ = 0.1me (me is the
free electron mass). In (b) we take µ = 60meV.
Consider the electron-doped case with µ > ∆ and take
the B-field to be along the z-direction. For magneto-
conductivity under longitudinal configuration, it is clear
that there is no chiral anomaly contribution in this model
since there is no Weyl point. And because of the axial
symmetry of the Fermi surface, the extrinsic contribution
δσext‖ also vanishes [3]. The only nonzero contribution
here is the intrinsic one, and we find that it gives a pos-
itive magnetoconductivity when E ‖ B, as illustrated in
Fig. 1(a). From the figure, we observe that the magni-
tude of the intrinsic magnetoconductivity decreases as µ
increases. This is because that the intrinsic magnetocon-
ductivity is a Fermi surface property that highly depends
on the geometric quantities such as Berry curvature and
orbital magnetic moment, which are concentrated near
the band edge.
In Fig. 1(b), we plot the magnetoconductivity contain-
ing both intrinsic and extrinsic contributions against the
mutual orientation of the fields. Here B-field is taken
to be along the z-direction, and θ is the angle between
E and B fields. One observes that the magnetoconduc-
tivity gradually changes from positive in the longitudinal
case to negative in the transverse configuration. The cor-
responding magnetoresistivity will change from negative
to positive in the process.
To conclude, we have formulated a theory of the mag-
netoconductivity for non-magnetic metals in the semi-
classical regime. We obtain an important new contri-
bution that is missing in previous theories. This intrin-
sic contribution provides a new mechanism for the viola-
tion of Kohler’s rule and for a nonzero magnetoconduc-
tivity under longitudinal configuration. Particularly, it
dominates the magnetoconductivity under longitudinal
configuration in systems without strong Fermi surface
5anisotropy and topological band-crossings. Furthermore,
its value can in general be positive, hence offering a new
origin for positive magnetoconductivity besides the chi-
ral anomaly effect. It may play an important role behind
the puzzling magnetotransport signal observed in recent
experiments on TaAs2 and related materials [25–27, 34–
36].
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